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I .  Phys. A: Math. Gen. 28 (1995) 693-700. printed in the UK 

Effective permittivity of log-normal isotropic random 
media 

B Abramovich and P Indelman 
Faculty of Engineering. Tel Aviv University, Ramat Aviv, 69978 Tel Aviv, lsnel 

Received 8 August 1994 

Abstract. A method of deriving the effective permittivity eeR of log-normal ddimensio,nal 
isobopic media is developed. The approach is based on applying the regularized Green function 
technique for the Laplace operator. The feasibility of exact determining of the effective 
permittivity is analysed by deriving ecn at third order in  the log-permihivity variance. It is 
shown that the 3D effective permittivity is a funetioional of Ihe spectrum of inhomogeneities and 
therefore cannot he expressed by a closed formula In particular. the formula for the effective 
permittivity discussed previously by Landau and Lifshik and Matheron deviates from the exact 
one in the third-order term. 

An important concept in electrodynamics of randomly inhomogeneous media is the 
operator of effective permittivity ?:ff. Consider a d-dimensional isotropic medium whose 
permittivity is regarded as a space random function E(=) of the coordinate vector x = 
( x I , .  . . , xd) .  The local induction D(z )  and electric field E(z )  obey the linear equation 

D(z )  = ~ ( z ) E ( z ) .  
The effective permittivity operator relates *the mean induction ( D ( z ) )  and the mean 

electric field intensity (E(z ) )  by the operator T2ff 

(D(z) )  = ?y.  (E@))  = / dz' 6 ( z ,  z') . (E@')) .  

Here the tensor Siff(., d) is the kernel of the operator ?iff. The purpose of ?2ff is to 
replace a basically heterogeneous medium by an equivalent homogeneous medium for 
further discussing the behaviour of average fields [ 1-10]. 

In a statistically homogeneous infinite medium ?jff is an integral operator with a 
difference kernel 

where 1 is the characteristic spatial scale of inhomogeneities. In k = (kl, . . , , kd) space the 
relation between Fourier transforms (D(k ) )  and (E@)) becomes 

(D(k ) )  = @f(k)  * (E(k) ) .  
For isotropic permittivity fields 
hispenion associated with random inhomogeneities in the medium [l l ,  121. 
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is given by an isotropic tensor determining a spatial 
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A number of works [I-9.121 has been devoted to the investigation of small-scale 
asymptotics of the kernel ( I )  

For potential fields E ( z )  = - V q ( z )  the problem reduces to calculating a scalar 

The effective permittivity seff(d) describes properties of the long-wavelength 
electrodynamics in d-dimensional heterogeneous dielectric. Mathematically equivalent 
problems have been encountered in many other branches of physics such as diffusion 
processes, heat transfer and transport in porous media. This also includes phenomena 
like transport problems in disordered media exhibiting critical behaviour, such as electron 
localization and hopping conduction in amorphous solids [13]. 

Although a huge body of literature is devoted to the problem of effective properties, 
there are only two exact closed formulas for the effective permittivity of continuous media. 
The first one, teff = (@'(I)))-', is simply derived for a 1D medium. The second 
exact result, teff = exp(lnt(x)), was obtained for 2D isotropic medium using the theory 
of harmonic functions [I41 and under more general assumptions by applying an elegant 
duality transformation [15,16]. The latter result and its analog for discrete ZD media 
were used for calculating the percolation threshold, the fractal dimension of two-phase 
systems [IO, 131 and the effective conductivity of a macroscopically isotropic 2D polycrystal 
[5.9,17]. Matheron (151 has shown that the geometric ponderation can be applied only to 
two-dimensional heterostructures possessing the specific property of symmetry and has listed 
several 2D counter examples [IS]. 

In 3D heterostructures closed formulas for the effective permittivity similar to those for 
ID  and 2D are not known, Landau and Lifshitz [I91 have mentioned that for isotropic media 
the expression ( ( t ) )* /3 ( ( c - ' ) ) - ' / 3  provides the first-order approximation of the effective 
permittivity for d = 3. Matheron [ 151 has discussed a similar conjecture for the effective 
permittivity in a space of any dimension 

t:y(d) = ((t))(d-')/d((t-'))-'/d. 

which for a log-normal isotropic medium has a simple analytical form: 
r I .  .,-I 

In (3) tg and G~ are the geometric average of the local permittivity and the variance of its 
logarithm, respectively. Note that the expression (3) implies independence of @(d) on the 
shape of the permittivity correlation function. 

The following properties of the conjecture (3) have caused considerable specula- 
tion [12,20-221 as to its validity: 

(i) the formula (3) leads to the exact results for d=l, 2 and d = 00; 
(ii) the conjecture provides an exact approximation of ECff(d) up to cr4-order for any 

(iii) numerical computations of @(d) for d = 3 show good agreement with (3) up to 

The aforementioned properties of the conjecture (3) pose a fundamental question whether 
the effective permittivity of a d-dimensional isotropic medium can he expressed by a simple 

dimension d 1221; 

U2 = 7 [20,21]. 
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relationship such as (3), thus generalizing the ID, ZD and d = CO exact results, or whether 
Eeff(d) is  generally a functional of the heterogeneity spectrum. 

The purpose of this paper is to develop a method for deriving P f f ( d )  of log- 
normal d-dimensional media. The problem is attacked by the regularized Green function 
technique [23] for the Laplace operator. The effective permittivity is obtained as a functional 
series in an expansion over the log-pemittivity variance. The result is applied further to 
derive the explicit 06-order approximation of &'"(d). It is shown that the d-order term of 
the 3D effective permittivity depends on the choice of the correlation function and, hence, 
cannot be expressed by a closed formula like (3). 

The governing equation for the eleceoostatic problem 

v . &(X)V*(X) = - 4 7 r p y z )  (4) 

allows one to determine &(d) in terms of the mean potential 

4JTpylc) 
Eeff(d) = lim 

t-0 k2('P(k)) 
where pa[(%) is the charge density of the extemal field sources. The dielectric permittivity 
takes the form 

dz) = ~ ~ e x p [ @ ( ~ ) l  

where the fluctuation @(z) is a Gaussian homogeneous isotropic random field with 
(@(z)) = 0, (@(X)) = u2 and a spectrum Q ( k ) .  

Applying the technique [23] of regularization of the d-dimensional Green tensor, 
equation (4) can be reduced to the stochastic integral equation in k space 

In (6) the new variables F ( z )  and C(X) are defined by 

(7) 
l+exp[@(z)lVQJ(~)  c(z) =tanh- @(XI 

2 2 
F(x) = 

and the isotropic, orthogonal tensor 

+ lck 
k2 

i ( l c ) = 2 - 2 -  

is the Fourier transform of the regurilarized Green tensor (f being the identity tensor). 
Reformulation of the stochastic problem (4) in terms of the functions F ( z )  and $(x) 
constitutes a basis for further analytical consideration, A remarkable property of the 
renormalized random field t(z) is that it is bounded (I E(x) I< 1) with zero (2n + 1)- 
variate correlators (n = 0, 1, . . .). 

Solving (6) by successive iterations 

and averaging the multiple scatter series for F(k)  over ensemble of @heterogeneities yield 

(9) ( F ( k ) )  = A ( k ) .  F'O'(k) L(k)  = f + i(k). i(k). 
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Here i ( k )  is the kernel of the mass operator of the Dyson equation for the mean field 
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n = 1,2,. . .. (10) 
In (IO) Q;%+I) = 0 and the multivariate (2n + 2)-correlators of the homogeneous random 
field g(k)  are determined by 

, ..., kb+l )  n = O ,  1 ,... (2”+Z’(k1 ( 5 ( k , ) ,  . .I(fCb+Z)) = (2n)ds(kl f. .’ + kh+Z)QB 

where QLbfz)(kl, . . . , k b + l )  is the spectrum of the (2n + Z)-point correlation function of 
F (I). 

The effective permittivity results from (5). (7) and (9) as follows: 

k . l(lc). k 
kZ ’ 

&&(d) = EK X(d) = l$o 
1 - 2A(d) 

Expanding even-order spechum functions of the field g(x) as a series of the variance 
of the Gaussian random function $(e) 

m 
(12) @(2n+Z) I (IE]. .. . , kk+l) = u1”~P+’)(kl, .. . , IC%+~) n = 0. I ,  .. . 

m=n+l 

and substitoting (12) into (10) yield the following expression for the tensor z(k):  

where 

x i ( k  + IC]) . . . i ( k  + ki + ...+ kat i ) .  (13) 
The effective permittivity (1 1) is obtained as a functional series in terms of the moments 

of the random field $(x) 

In the remainder of the paper the three first terms of the series (14) are derived and are 
compared in parallel with the conjecture (3). The latter can be expanded in &series using 
the same representation (11) 

( - 1 ) ” f ’  1 1 
2m! (2 d) ’ 

( m )  Acj (d) = - - - - 
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az-order term ( m  = I ) .  This is obtained from (13) and (14 )  

k . i $ ' ) ( k ) .  k 
k2 

h")(d) = lim 
k-tO 

697 

With the use of the relationship @)(k1)  = @(kl)/4 following from (12), the integral in 
(17) is easily calculated: 

Substituting (18) into (16) leads to 

04-order term (m = 2). This is given by 

x { i ( k d .  i (ICz) .  [ i ( k )  + i(k1 + kd l  +ah + k d ) .  

By employing (8) and the obvious relationship Trt(k1) . i(k1 + k2) . i(k2) = d - 2 
the last integral is straightforwardly calculated: 

The expressions (20). (22) and (23) recover the resuIt [22] 
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06-order term (m = 31. 
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This is obtained from (14) as follows: 

Explicit expressions of functions @!’)(RI), @!’(k~, kz, k3) and Of’(k1, k2, k3, k4, k5) 
result from (12) in the form 

1 
2d 

h‘3’(d) = Ak;’(d) + - 
where 
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and 

(k: + + 2k1 . k2 + kl . k3 + kz k3)(k: + k: + 2k2.  ka + ki . kz + kl . k3) 
X 

(h + kz t k# 
Switching to spherical variables in the integral (27) yields 

where !& = 2ird/'/ r ( d / 2 )  and 

The expressions (26)-(28) determine the third-order correction of the effective 
permittivity ( l l ) ,  (14). However, unlike the fist- and second-order corrections (19). (24) 
the third-order term depends on the spectrum 0 ( k )  of the log-permittivity 4(x). Indeed, if 
the &order term is invariant with respect to the spectrum then p ( d )  (28) has to be constant 
for any 0. In particular, it follows from (26) that the conjecture (3) is valid only if the 
condition 

p ( d )  = -1/6d2 (30) 
is fulfilled for any functions 0 ( k ) .  

functional p ( d )  be invariant with respect to the functions Q ( k )  and satisfy (30) is 
Employing a standard variation procedure the necessary and sufficient condition for the 

(31) 
1 

i 9 p ) ( k l .  kz, k3) = constant = -- 
d Z  

where 
3 

@") (k i ,  kz, k3) = od(ki, k p ,  t )  
l , p , t = l  
l#P#l 

where the function i9d(kl, k2- k3) is symmetrized over all arguments. 

(31) and reproduce ID and ZD exact results 
Calculations of the integral (29) ford = 1 and d = 2 show agreement with the conjecture 

9p' = -1 f+?)(kl, kz. k3) = -7. I 

In contrast, @ " ) ( k l ,  k2, k3) # constant. Indeed 

and 

@')(k,k,k) = &Liz(1/3) + &z2+ In3($ + i I n 3 -  1112) - w -0.18 (32b) 
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where 
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m yp-1 
Li,(z) = - dt - IzI < 1 Rep z 0. 

r ( p )  ‘ S  e I - 2  

is the polylogarithm of order p [24]. The results (32) show that p(d) is a functional of the 
correlation function and therefore the 3D conjecture (3) deviates from the correct value (26) 
in u6-order term. 

In conclusion, the effective permittivity of d-dimensional media is derived as a 
functional series in terms of the log-permittivity moments. The explicit expression of the 
06-order approximation of .teff is obtained as a functional of the heterogeneity spectrum. It 
is shown that the third-order term in the expansion of the effective permittivity is invariant 
with respect to the spectrum for d = I and d = 2 only and becomes a functional of the 
heterogeneity spectrum in 3D. This proves that the effective permittivity of a 3D isotropic 
heterogeneous medium is a functional of the heterogeneities spectrum and is not expressed 
in simple manner as in (3). 
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