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Effective permittivity of log-normal isotropic random
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Abstract, A method of deriving the effective permittivity &°f of log-normal J-dimensional
isotropic media is developed. The approach is based on applying the regularized Green function
technique for the Laplace operator. The feasibility of exact determining of the effective
permittivity is analysed by deriving e° at third order in the log-permittivity vardance. It is
shown that the 3p effective permittivity is a functional of the spectrum of inhomogeneities and
therefore cannot be expressed by a closed formuia. In particular, the formula for the effective
permittivity discussed previously by Landau and Lifshitz and Matheron deviates from the exact
one in the third-order term.

An important concept in electrodynamics of randomly inhomogeneous media is the
operator of effective permittivity T$T. Consider a d-dimensional isotropic medium whose
permittivity is regarded as a space random function ez} of the coordinate vector x =
(%1, ..., %q). The local induction D{») and electric field E(x) obey the linear equation

D(z) = e(x) E(x).

The effective permittivity operaior relates the mean induction {D(x)) and the mean
electric field intensity (E(x)} by the operator T'Ef’f

(D)) = 757+ (B(@)) = f 2 &8z, o) - (E@)).

Here the tensor £ (z, «) is the kernel of the operator '?jﬁ. The purpose of "?‘jﬁ is to
replace z basically heterogeneous medium by an equivalent homogeneous medium for
further discussing the behaviour of average fields [1-10].

In a statistically homogeneous infinite medium Tjﬂ is an integral operator with a
difference kernel

R ®—a
£z, 2 =8 “( l ) (1)
where [ is the characteristic spatial scale of inhomogeneities. In k = (ky, .. ., kg) space the
relation between Fourier transforms {D(k)) and (E'(k)) becomes
(D(K)) = &5 (k) « (E(K)).

For isotropic permittivity fields 857 (k) is given by an isotropic tensor determining a spatial
dlspersnon associated with random inhomogeneities in the medium [11, 12].
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A number of works [1-9,12] has been devoted to the investigation of small-scale
asymptotics of the kernel (1)

qefl g e £
£ (d) = }l{% i ( 7 ) .
For potential fields E(x) = —VW¥(x) the problem reduces to calculating a scalar

k-8 (k) - k
eff T d
£7(d) = im K2 '

@

The effective permittivity &°7(d) describes properties of the long-wavelength
electrodynamics in d-dimensional heterogeneous dielectric. Mathematically equivalent
problems have been encountered in many other branches of physics such as diffusion
processes, heat transfer and transport in porous media. This also includes phenomena
like transport problems in disordered media exhibiting critical behaviour, such as electron
localization and hopping conduction in amorphous solids [13].

Although a huge body of literature is devoted to the problem of effective properties,
there are only two exact closed formulas for the effective permittivity of continuous media.
The first one, £ = ((¢~'(x)))~!, is simply derived for a 1D medium. The second
exact result, £&¥ = exp{Ing(x)), was obtained for 2D isotropic medium using the theory
of harmonic functions {14] and under more general assumptions by applying an elegant
duality transformation [15,16]. The latter result and its analog for discrete 2D media
were used for calculating the percolation threshold, the fractal dimension of two-phase
systems [10, 13] and the effective conductivity of a macroscopically isotropic 2D polycrystal
[5,9,17]. Matheron [15] has shown that the geometric ponderation can be applied only to
two-dimensional heterostructures possessing the specific property of symmetry and has listed
several 2D counter examples [18].

In 3D heterostructures closed formulas for the effective permittivity similar to those for
1D and 2D are not known. Landau and Lifshitz [19] have mentioned that for isotropic media
the expression ({g))**({e~'})~"/* provides the first-order approximation of the effective
permittivity for 4 = 3. Matheron [15] has discussed a similar conjecture for the effective
permittivity in a space of any dimension

&) = ()M (eI,

which for a log-normal isotropic medium has a simple analytical form:

1
@ = s, (5~ 7] @

In (3) &, and o2 are the geometric average of the local permittivity and the variance of its
logarithm, respectively. Note that the expression (3) implies independence of £%(d) on the
shape of the permittivity correlation function.

The following properties of the conjecture (3) have caused considerable specula-
tion [12,20-22] as to its validity:

(i) the formula (3) leads to the exact results for d=1, 2 and d = o0;

(ii) the conjecture provides an exact approximation of £¥(d) up to o*-order for any
dimension 4 {22];

(iii) numerical computations of £T(d) for 4 = 3 show good agreement with (3) up to
o? =7 {20,21].

The aforementioned properties of the conjecture (3) pose a fundamental question whether
the effective permittivity of a d-dimensional isotropic medium can be expressed by a simple
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relationship such as (3), thus generalizing the 1D, 2D and 4 = 00 exact results, or whether
e (d) is generally a functional of the heterogeneity spectrum.

The purpose of this paper is to develop a method for deriving £%(d} of log-
normal d-dimensional media. The problem is attacked by the regularized Green function
technique [23] for the Laplace operator. The effective permittivity is obtained as a functional
series in an expansion over the log-permittivity variance. The result is applied further to
derive the explicit o'-order approximation of £°(d). It is shown that the o%-order term of
the 3D effective permittivity depends on the choice of the correlation function and, hence,
cannot be expressed by a closed formula like (3).

The governing equation for the electrostatic problem

V. g(x)VV¥(x) = —4no™(x) 4
allows one to determine £°%(d) in terms of the mean potential
. 4mp™(k)
eff
d) = lim ———— 5
£ = I 2 ) ©)

where p*'(x) is the charge density of the external field sources. The dielectric permittivity
takes the form

e(x) = g, explé(x)]

where the fluctuation ¢(x) is a Gaussian homogenecus isotropic random field with
{@(x)) =0, {$*(x)) = o2 and a spectrum P(k),

Applying the technique [23] of regularization of the J-dimensional Green tensor,
equation (4) can be reduced to the stochastic integral equation in & space

. dq
— 0 . " —
F(k)y = FO (k) + 3(k) f 2 )df(k O F(g)

(6)
ext
FO (k) = ikﬂr_g_..z(_m._
ek

In (6) the new variables F'(x) and £(z)} are defined by

Fa) =Dy g@) = an 22 %
and the isotropic, orthogonal tensor

. . kk

fky=1- Zk—2 (8)

is the Fourier transform of the regurilarized Green tensor (/ being the identity tensor).
Reformulation of the stochastic problem (4) in terms of the functions F'(z) and £(x)
constitutes a basis for further analytical consideration. A remarkable property of the
renormalized random field &(z) is that it is bounded (| (&) |< 1) with zero (2rn + 1)-
variate correlators (n =0, 1,...).

Solving (6) by successive iterations

d
GEk-F @ n=01,...

Fy =Y FO®)  F 0 =4k [ =
n=0

and averaging the multiple scatter series for F'(k) over ensemble of £-heterogeneities yield

(F(k)) = Ak) - FO%)  Atk) =1+ g(k) - (k). @)
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Here A(k) is the kemel of the mass operator of the Dyson equation for the mean field
(Fle)), ey = 72, A" and
dg

a{n) dqg,
0= ] G o

n=12,.... (10)

In (10) G2 = 0 and the multivariate (2n + 2)-correlators of the homogeneous random
field &£(k) are determined by

(EkD) .. ERkang2)) = Q)80 + - + kong) PRy, . kans)  n=0,1,..

where <l>22"+2] (ky, ..., kaps1) is the spectrum of the (2n 4+ 2)-point correlation function of
E(x).

The effective permittivity results from (5), (7) and (9) as follows:
By m —fi i K09 <
CO=T"n@ M= TE an

Expanding even-order spectrum functions of the field £(x) as a series of the variance
of the Gaussian random function ¢(x)

L ICTIRRRY: [C AL S R TR Ay B

00
Ok, k) = ), Oy, Rs) R=0,1,.0, (12)

m=n+1

and substituting (12) into (10) yield the following expression for the tensor A(k):
(=24 =23
MRy =Y Y oA (k)

n=0 m=n+1
where
~ dk dk.
(n+1) = | = SR e 2D
A'm (k‘) (ZH)d (2N)d q) (kl R kZu-I—l)
xg(k+ki) - glk+ky+  + ko). (13)

The effective permittivity (11) is obtained as a functional serjes in terms of the moments
of the random field ¢(x)

AMd) =) o™ (d) (140)
m=1

g 38k -k
k2 '

=

In the remainder of the paper the three first terms of the series (14) are derived and are

compared in parallel with the conjecture (3). The latter can be expanded in o2-series using
the same representation (11}

Ay = ]Ein}] (14b)
—

o
Apld) =Y o™\ P d) (15a)
m=1

—1ym+] m
A(m)(d)u( D (__l) _ (15h)
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o2-order term {m = ). 'This is obtained from (13) and (14)
B3P &

AM(gy = :11—% e (16}
= dk; |
lim A0 (k) = f T )la.g(k;)Q?’(kl). {17

With the use of the relationship & (k) = ®(k))/4 following from (12), the integral in
(17) is easily calculated:

dk; . _ _§ dk _ad=2
/ St =1 =E [ S Sl =222 (18)
Substituting (18) into (16) leads to
M Ony=L1{I_1
APdy = 2 (d) 5 (2 d). (19)

o?-order term (m = 2). This is given by

2(1) O
3D = fim ) + AP k) -k 20
—» k2
It follows from (12) that
1
P (k1) = — (k) (21a)
and
@) (2 )d
D, (k1 k2, k) = ———[8(k1 + k)P ki) D (k3) + 8(Kr + ks)Dk; ) D (ko)
F8(ky + k3) Pk )P (k)] (21b)
Substituting (21) into (13) yields
1} d 2
hm A( (k) = ?d—
A9 1 [ dk; dk; (22)
® =5 [ Gz G 000k

x {8(kn) - §(ka) - [B(K) + (ks + ko)l + 2k + k2)) -

By employing (8) and the obvious relationship Tr2(k;) - §(k; + k) - 8(ks) =d — 2
the last integral is straightforwardly calculated:
-2[. d-2
*(3) A
=17+ —Z5]. o)
lim A" (k) = 23d [ + & )] (23)

The expressions (20, (22) and (23} recover the result [22]

2
2P =122 = L (1 - 1) : (24)
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oS-order term (m = 3). 'This is obtained from (14) as follows:

Ry @ = [

o ke B + 32 ) + AP (k) - k.
0

k2

Explicit expressions of functions ®(2) k1), <D(4) (ky, &3, k1) and ¢=§6J (k1. k2, k3, kg, B3)
result from (12} in the form

P (k) =

&P (ky, ky, k) = -—{2(2n)”[a(k1 + k) Dy ) B (k) + 8 (ks

¢§6)(kl y kZ: k.?r k4! ks) =

where

1 d
55[4’(’“0+% f do__d% ¢(kI—QI)¢(Q1—¢I2)¢(Q2):|

(2m)? (2m)P

+h3) P (k) P(k2) + (k2 + E3)P (k1) Pk2)] + PR P (k)P (k3)
+ @ (k)P (k)P (—ky — ky — k) + ORI P (k)P (k) — Ky — k3)

+® (k)P (k3)P(—ki — k2 — k3)}.
( )2D

+8(k; + kz)3(k3 + ks)P (ki) P (k3) P (k)
+8(k1 + ka)8(ka + Rs)P (k1) D (k)P (ka)
+8(ky + k3)8(k2 + ks) P (k1) P (k2) P (ks)
+8(k) + k3)d (ks + ks) P (k) @ (ko) P(ks)
+8(k1 + k3)8(ks + ks)P (k1) P (k2) P (Ka)
+8(k1 + ks)8(ka + k3) (k)P (k) D(ks)
+8(k1 + k3)8(ka + ks)P (k)P (k) P(ks)
+8(ky + Fea)é(ks + ks) P (1 )P (k2) P (k3)
+8(k1 + ks)d(ky + k3) P (k1 )P (k2) P {ks)
+8(k1 + ks5)3 (k2 + ka) P (ki )P (k) P (ks)
+8(ky + ks) (ks + k)P (k1) P (k)P (k3)
+8(k: + k3)8(kq + ks) P (R )P (k2) D (Ka)
+8(ks + k)8 (ks + ksy®(k)) (k)P (k3)

+8(kz + ks)8(ks + k) @ (k) (k) P (k3)].
Using (25) one obtains after cumbersome transformations

1
&) @
AT =2y (d) + 55 [ﬂ(d)+6dz]

dkv dky dks
@r)? 2m)? (2m)y

pld) =

[8(k1 + k2)s(ks + kg) P (k)P (k3) P (ks)

B4k, kg, kz) P (k1) (k) P (k3)

(23a)

(258)

(25¢)

(26}

(27)
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and

ki ko (R + ki - k) [_1_ ko ks (G + Ry 'k3+kz-k3)}
K2kt + k)2 d K (k1 + ko + ks)?

ki kyka-ka [(k .k_kl'kzkg'k3)(k1'k3_l)
T+ k) AR L K2 12

kz ki -k k- k3)
2 ot B}
(k2 g g

By (K1, Kz, ko3) =

(k2+k, +2% kot ky kst ke k)i +KG+2ky kst ki kot Ry ks):l
(R + Ky + k3)?
Switching to spherical variables in the integral (27) yields
® di, dky dks
d) =
o @) GrY Gr )
where ©, = 2792/ T(d/2) and

Balky, by, )k~ @ () Y&~ D (o )k~ D (k3) (28)

Bk ko, ko
ﬁd(h.k;,kﬁ:f_____lég_}__j_)
s

The expressions (26)—(28) deterrmuine the third-order correction of the effective
permittivity (11), (14). However, unlike the first- and second-order corrections (19), (24)
the third-order term depends on the spectrum ®(k) of the log-permittivity ¢ (). Indeed, if
the o 8-order term is invariant with respect to the spectrum then 8(d) (28) has to be constant
for any &. In particular, it follows from (26) that the conjecture (3) is valid only if the
condition

Ba(k1, ka2, k3) (29)

Bd) = —1/64* (30)

is fulfilled for any functions ®(k).
Employing a standard variation procedure the necessary and sufficient condition for the
functional B(d} be invariant with respect to the functions ®(k) and satisfy (30) is

m 1
85 (ky, kz, k3) = constant = -5 @31

where
3

7 G ko, s) = D Bulha, kg Ko)
{,p =1
I#p#t

where the function §,(kq, ks, k3) is symmetrized over all arguments.
Calculations of the integral (29) ford = 1 and d = 2 show agreement with the conjecture
{31) and reproduce 1D and 2D exact results

pE™ = _1 35 (ke ke, hz) = —1.
In contrast, 3™ (k1, k2, k3) # constant. Indeed
. (sm) = H (Ska kn ke =__l [=1.2.3
I!.[LI!'](JI}:; (k[,kz, k3) klll?gnﬁ3 ( [s A2, 3) 9 y Sy (32‘2)
and
O k k) = T Lip(1/3) + En2 + Zm3(2 +5m3-12) - F ~-018  (328)
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where

!
g [zl <1 Rep=>0.

z (=]
Liy(z) = Tp)fo dt .

is the polylogarithm of order p [24]. The results (32) show that 8(d) is a functional of the
correlation function and therefore the 3D conjecture (3) deviates from the correct value (26)
in oS-order term.

In conclusion, the effective permittivity of d-dimensional media is derived as a
functional series in terms of the log-permittivity moments. The explicit expression of the
o8-order approximation of & is obtained as a functional of the heterogeneity spectrum. It
is shown that the third-order term in the expansion of the effective permittivity is invariant
with respect to the spectrum for 4 = 1 and 4 = 2 only and becomes a functional of the
heterogeneity spectrum in 3D. This proves that the effective permittivity of a 3D isotropic
heterogeneous medium is a functional of the heterogeneities spectrum and is not expressed
in simple manner as in (3).
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